Abstract. It is well known that both a particle with spin and a quantum field in a Bianchi type IX Universe are related to the quantum mechanical top. In this paper we will combine these insights to show that the dynamics of a cold gas of noninteracting atoms with total angular momentum F = 0 may be used to explore the behavior of quantum matter near a cosmological singularity.
Introduction
It is well known that both a particle with spin [1, 2] and a quantum field in a Bianchi type IX Universe [3, 4, 5] are related to the quantum mechanical top. In this paper we will combine these insights to show that the dynamics of a cold gas of noninteracting atoms with total angular momentum F = 0 may be used to explore the behavior of quantum matter near a cosmological singularity.
The physics of Bose-Einstein condensates (BEC) is one of the most active fields of reearch in Physics both in the experimental and theoretical fronts [6] . Not one of the least reasons for this activity is that BEC provides the possibility of high accuracy tests of fundamental mechanisms of interest to other fields such as manybody [7] , condensed matter [8] , high-energy physics [9] and, most relevant to our present concerns, gravitation and cosmology [10, 11] .
There are two basic strategies by which BEC may be used to test fundamental issues in gravitation and cosmology. On one hand, it is well known that long wavelength excitations of a condensate propagate on an effective metric depending on the inhomogeneities in the condensate itself. If these may be controlled, then the effective matric may be designed to correspond to that of interest, for example, a Friedmann-Robertson-Walker [12] or a Black Hole space time [13, 14] .
One drawback of several of these standing proposals for using BEC as analog to gravitation and cosmological physics is that the focus is not on the behavior of the condensate itself, but of the quantum fluctuations above it. This makes the relevant effects small and hard to access experimentally. In the following we shall present a model of analog semiclassical cosmology which is free of this problem. The model involves a F = 0 noninteracting cold bosonic gas subject to an external magnetic field. We claim the behavior of the cold gas is analog to a quantized field in a Bianchi type IX space time.
In a different type of approach, one focuses not on duplicating a whole space-time, but rather an specific effect, such as superradiance [15] or signature change [16] . One important example is the behavior of quantum fluctuations on horizon crossing, which may be probed both in the so-called Bose Nova experiment (see [17, 18, 19, 20] for the experiment, [21, 22, 23] for a theoretical interpretation) and in the superfluid -Mott insulator transition (again, see [24, 25, 26] for the experiment, and [27] for a discussion in the context of analog cosmology). As it may be seen, this second approach makes a much stronger connection with experiment.
The approach to analog cosmology which we shall present here shares properties of both approaches because, while it aims to duplicate a cosmological metric (in this case, a Bianchi type IX Mixmaster Universe) in BEC experiments, the experiments in question are easily within present means, and in some cases they have actually already been performed (see below).
The Bianchi type IX or Mixmaster model [28, 29, 30] is the homogeneous Universe whose metric has the largest number of free parameters and as such it has been proposed as a likely model for the Universe near the cosmological singularity [31] . It has a fascinating dynamics already at the classical level [32, 33] . It has also been investigated at the quantum [34, 35] and semiclassical [3, 4, 5, 36] levels.
Spinor BEC and Bianchi type IX Universes
Spinor BEC occur in species where the interaction of the nuclear spin I and the electron spin S for an electron in the ground state introduces in the Hamiltonian a hyperfine term (A/2)F 2 , where F = I + S and A is a constant (for rubidium, A ≈ 2 10 −6 eV), leading to a ground state with F 2 = F (F + 1) = 0 [37, 38, 6] . Spinor BEC have been realized experimentally with several different species: sodium 23 Na with F = 1 [39, 40] and F = 2 [41] ; rubidium 87 Rb with F = 1 [42, 43, 44, 45, 46, 47] and F = 2 [48, 49, 50] and chromium 52 Cr with F = 3 [51, 52, 53] . Spinor BEC can also be achieved with Rydberg atoms and molecular condensates [54] . See also [55, 56, 57, 58, 59, 60, 61, 62, 63] . In general the condensate atoms will interact among themselves. However, we shall assume these interactions can be made negligible, for example, by exploiting the dependence of the scattering length with respect to external fields [64, 65] , or simply by working with a dilute enough gas. See [47] , where the dipolar interaction is suppressed by forcing the dipoles to rotate, and [39, 51] , where the scattering lengths for the local and spin exchange interactions are manipulated in an actual experimental setting.
There are several ways to develop a path integral quantization for a spinor BEC, besides simply associating a different field to each angular momentrum projection. For example, we may use spin coherent [66, 67, 68, 69, 70] or modified spin coherent states [71, 72] . In the formalism advanced by Schulman [1, 2] spin is described by adscribing to the spinning particle an internal space parameterized by three Euler angles θ, ϕ and ψ. Introducing the Euler parameters [73] 
it is clear that the internal space has the topology of the three dimensional sphere S 3 embedded into a four dimensional space. The usual euclidean metric induces a metric on the sphere
and a natural volume element d 3 χ √ g 0 , where the coordinates χ a , a = 1, 2, 3 are the three angles θ, ϕ and ψ, respectively and g 0 = sin 2 θ is the determinant of the metric. Upon second quantization we describe the cold gas by a q-number field Ψ (x, θ, ϕ, ψ) defined on R 3 × S 3 . Under the one-mode approximation, the external and internal dependences decouple, and we shall discuss only the later. We note that, if required, a position-independent condensate may be achieved in practice [74] .
As in the case of a quantum rotor, we identify the components F i of angular momentum with the operators
They satisfy the usual commutation relations
We note that there are also the projections F a of angular momentum on the axes of inertia ξ, η and ζ of the quantum top
whose commutation relations are
The Hamiltonian for the second quantized free spinor gas is
with a Hamiltonian density, in natural unitsh = 1
g ab 0 is the inverse metric on the sphere. The sphere is also a spatial section of the so-called Einstein Universe. BEC in the Einstein Universe has been discussed in [75, 76, 77, 78] . See also [79, 80, 81] .
If we now turn on an external magnetic field B in the z direction, there will be new terms in the Hamiltonian proportional to the magnetic moments of electron and nucleus. Since the latter is negligible compared to the former, only the electron magnetic moment needs to be considered. The new term couples F = 1 states among themselves, but also to F = 2 states. If we integrate out these more energetic states, we obtain an effective Hamiltonian density for the F = 1 states which involves a linear and a quadratic term in the external field. We may also consider the quadratic Zeeman effect which comes from terms which are quadratic on the external field in the microscopic Hamiltonian [82, 83] The linear term may be minimized by a suitable choice of initial condition [45] , or else eliminated by transforming into a rotating frame, and we shall not consider it. The quadratic term reads [59] 
where µ B is the Bohr magneton, and c is a constant. For F = 1 rubidium, c = 8. This has the effect of changing the metric of the internal space into
where
To see that this indeed describes a Bianchi type IX Universe, we introduce three nonintegrable differential forms ω a
These forms satisfy
where ǫ abc is the totally antisymmetric symbol. The metric can then be written in terms of Misner parameters [34] as
where β − = 0, β + = Ω and
When β − = 0 the Bianchi type IX Universe reduces to the so-called Taub model [30] . BEC in the Taub Universe, in the limit of small anisotropy, has been discussed in [84] .
This concludes our discussion. Observe that the Bianchi type IX metric appears as the metric in internal space, not as an effective metric describing the evolution of long wavelength fluctuations above the condensate. Therefore any nontrivial effect due to geometry will be much more readily apparent in this problem than in other competing schemes. Moreover, the Bianchi type IX Mixmaster Universes are one of the most fascinating models in cosmology. We expect this short note will open the door to new crossfertilization between BEC and gravity.
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